A subgraph H of a graph G is called spanning, if any vertex of G is not isolated in H, while it is called maximum k-edge-colorable, if H is k-edge-colorable and contains as many edges as possible. We show that any connected graph containing a matching that misses at most one vertex, has a spanning maximum 2-edge-colorable subgraph. We also show that any graph whose minimum degree is at least two and maximum degree is r, r ≥ 3, has a spanning maximum (r − 1)-edge-colorable subgraph. This particularly, implies that any graph whose vertices are of degree two or three, has a spanning maximum 2-edge-colorable subgraph. In the end of the paper we present a conjecture, which claims that any almost regular graph has a spanning maximum 2-edge-colorable subgraph.
Introduction
Let N denote the set of positive integers. In this paper graphs are assumed to be finite, undirected and without loops, though they may contain multiple edges. Graphs having no multiple edges will be called simple. If G is a graph, then for a vertex x ∈ V (G) d G (x) denotes the degree of x in G. Moreover, let ∆(G) and δ(G) denote the maximum and minimum degrees of vertices in G, respectively. A vertex is defined to be isolated in G, if its degree is zero. If G ′ is a subgraph of G, then we say that G ′ covers (misses) a vertex
. A subgraph is spanning, if it covers all the vertices of the graph. A point that should be made clear here, is that if a vertex x of G is not a vertex of a subgraph G ′ , then we assume that d G ′ (x) = 0. The length of a path P of a graph G is the number of edges lying on P . If G is a connected graph, then for any two vertices u and v let ρ(u, v) denote the length of a shortest path connecting these two vertices. Usually ρ(u, v) is called the distance between the vertices u and v in the graph G.
A subset of edges of a graph is called matching, if it contains no adjacent edges. Usually, a vertex that is (not) incident to an edge from a matching, is said to be covered (missed) by the matching. A matching is maximum, if it contains as many edges as possible, while it is perfect, if any vertex is incident to an edge from the matching.
A k-edge-coloring of a graph G is a partition of E(G) into k matchings. Usually, these matchings into which E(G) is partitioned, are called color-classes of the edge-coloring. The least integer k for which G has a k-edge-coloring is called the chromatic index of G and is denoted by χ ′ (G). Clearly, χ ′ (G) ≥ ∆(G) for any graph G, and the following classical theorems of Shannon and Vizing give non-trivial upper bounds for χ ′ (G):
Theorem 1 (Shannon [ 19] ). For every graph G
Theorem 2 (Vizing, [ 22] ):
, where µ(G) denotes the maximum multiplicity of an edge in G.
Note that Shannon's theorem implies that if we consider a cubic graph G, then 3 ≤ χ ′ (G) ≤ 4, thus χ ′ (G) can take only two values. In 1981 Holyer proved that the problem of deciding whether χ ′ (G) = 3 or not for cubic graphs G is NP-complete [ 9] , thus the calculation of χ ′ (G) is already hard for cubic graphs. For a graph G and k ∈ N define
.., H k are pairwise edge-disjoint matchings of G}, and let
Define:
and let
Though, we have introduced the parameters ν k (G) and α k (G) very formally, the reader can easily see that ν k (G) is just the number of edges in a maximum k-edge-colorable subgraph, while α k (G) is the maximum number of edges that can appear in a color-class of a maximum k-edge-colorable subgraph of a graph G. Recall that a subgraph of a graph is called to be maximum k-edge-colorable, if it is k-edge-colorable and contains maximum possible number of edges.
If ν(G) denotes the cardinality of the largest matching of G, then it is clear that α k (G) ≤ ν(G) for all G and k. Let us also note that ν 1 (G) and α 1 (G) coincide with ν(G).
In contrast with the theory of 2-matchings, where every graph G admits a maximum 2-matching that includes a maximum matching [ 10] , there are graphs that do not have a "maximum" pair of disjoint matchings (a pair (H,
The following is the best result that can be stated about the ratio ν(G)/α 2 (G) for any graph G (see [ 13] ):
Very deep characterization of graphs G satisfying ν(G)/α 2 (G) = 5/4 is given in [ 21] . Let us also note that by Mkrtchyan's result [ 11] , reformulated as in [ 6] , if G is a matching covered tree, then α 2 (G) = ν(G). Note that a graph is said to be matching covered (see [ 12] ), if its every edge belongs to a maximum matching (not necessarily a perfect matching as it is usually defined, see e.g. [ 10] ).
The quantitative aspect of the investigation of maximum k-edge-colorable subgraphs of graphs and particularly, r-regular graphs has attracted a lot of attention, previously. The basic problem that researchers were interested was the following: what is the proportion of edges of a graph (or an r-regular graph, and particularly, cubic graph), that we can cover by its k matchings?
For the case k = 1 in [ 8] an investigation is carried out in the class of simple cubic graphs, and in [ 4, 7, 16, 17, 23] for the general case. Let us also note that the relation between ν 1 (G) and |V | has also been investigated in the regular graphs of high girth [ 5] .
The same is true for the case k = 2, 3. Albertson and Haas investigate these ratios in the class of simple cubic and 4-regular graphs in [ 1, 2] , and Steffen investigates the problem in the class of bridgeless cubic graphs in [ 20] . Similar investigations are done in [ 18] for subcubic graphs. In [ 14] the problem is addressed in the class of cubic graphs. Finally, a best-possible bound is proved in [ 15] for the case k = ∆(G) in the class of all graphs.
However, it worths to be mentioned that the quantitative line of the research was not the only one. Previously, a special attention was also paid to structural properties of maximum k-edge-colorable subgraphs, and sometimes this kind of results have helped researchers to get quantitative results. A typical example of a structural result is the one proved in [ 2] , which states that in any cubic graph G there is a maximum 2-edgecolorable subgraph H, such that the graph G\E(H) is 2-edge-colorable. Recently, in [ 15] new such results are presented for maximum ∆(G)-edge-colorable subgraphs of graphs G. Particularly, there it is shown that any set of vertex-disjoint cycles of a graph G (particularly, any 2-factor) can be extended to a maximum ∆(G)-edge-colorable subgraph of G if ∆(G) ≥ 3. Also, there it is shown that for any maximum
is the set of edges of a graph K with exactly one end-vertex in X. Note that this result implies theorem 5 formulated below. Finally, in [ 3] it is shown that the edges of a cubic graph lying outside a maximum 3-edge-colorable subgraph form a matching. Though this result does not have a direct generalization, using the ideas of the proof of Vizing theorem for simple graphs from [ 24] , in [ 15] it is shown that a simple graph G has a maximum ∆(G)-edge-colorable subgraph H, such that the edges of G that do not belong to H form a matching.
In this paper, we concentrate on spanning maximum k-edge-colorable subgraphs of graphs. Our starting point is a statement mentioned in [ 20] , which claims that any bridgeless cubic graph has a spanning maximum 2-edge-colorable subgraph. We offer two generalizations of this result. The first of them states that in a graph with a perfect matching there is a spanning maximum 2-edge-colorable subgraph with an additional property. The other generalization states that in a graph of maximum degree r (r ≥ 3) without an isolated or a pendant vertex, there is a spanning maximum (r − 1)-edgecolorable subgraph.
Non-defined terms and concepts can be found in [ 10, 24] .
The main results
Before we proceed to the formulation and proof of our results, we would like to state the following result which we will need later. [ 13] ). [ 13] are simple, while in this paper we allow graphs to possess a multiple edge. However, we would like to point out that theorem 3 can be proved exactly by the same methods of [ 13] . To avoid repeating the same claims and proofs, we have decided to omit the proof of theorem 3.
Remark 1 An attentive reader might have noted that the graphs considered in
We are ready to state the first result of the paper:
Suppose that a connected graph G has a matching that misses at most one vertex. Then G has a spanning maximum 2-edge-colorable subgraph, one of whose colorclasses contains α 2 (G) edges.
Proof. First let us assume that G has a perfect matching. Conseder the pair ((H, H ′ ), M) satisfying the conditions of the theorem 3, and let us show that any vertex v ∈ V (G) is adjacent to an edge from H ∪ H ′ . Since M is a perfect matching, there is an edge e ∈ M incident to v. Note that if e ∈ H ∪ H ′ , then we are done. On the other hand, if e / ∈ H ∪ H ′ , then the statement follows from (4) of theorem 3.
We are left with case when G has a matching that misses exactly one vertex. Clearly such a matching is maximum. Again, we consider the pair ((H, H ′ ), M) satisfying the conditions of the theorem 3. Similar to the case considered above, the reader can easily verify that if a vertex is covered M, then it is incident to an edge from H ∪ H ′ . Thus, we only need to consider the case of the vertex v that is missed by M, and we can assume that it is not covered by an edge from H ∪ H ′ . Now, since G is a connected graph, v is adjacent to a vertex w. Note that w is covered by M, thus it is also covered by an edge from H ∪ H ′ . This implies that w lies on an H − H ′ alternating path or cycle. We will differ two cases.
Case A: w lies on an H − H ′ cycle C. Define:
where f is the edge from E(C) ∩ H ′ that is incident to w. Note that the pair (H, H ′ 1 ) corresponds to a spanning maximum 2-edge-colorable subgraph that we were looking for.
Case B: w lies on an H − H ′ path P . Note that w cannot be an end-point of P , since (H, H ′ ) ∈ M 2 (G). Thus there are h ∈ H and h ′ ∈ H ′ that lie on P and are incident to w. Suppose that h = (w, w 1 ) and h ′ = (w, w 2 ). Clearly, one of h or h ′ does not belong to M. Without loss of generality, we can assume that h / ∈ M. Since M covers all vertices but v, w 1 is incident to an edge h 0 ∈ M.
Note that w 1 is incident to an edge from H ′ , since if h 0 ∈ H ′ then this is trivial. On the other hand, if h 0 / ∈ H ′ then, as h ∈ H, we have h 0 ∈ M\(H ∪ H ′ ), and therefore we are done by (4) of theorem 3.
Again note that the pair (H 1 , H ′ ) corresponds to a spanning maximum 2-edge-colorable subgraph that we were looking for.
The reader may wonder whether the existence of a spanning maximum 2-edge-colorable subgraph can be proved under the weaker assumption that the maximum matching of a graph misses two vertices. The example of a claw (a graph with four vertices and three edges where one vertex is adjacent to the other three vertices) demonstrates that this fails. Rather surprisingly, the presence of a claw as an induced subgraph is a necessary condition for the absence of a spanning maximum 2-edge-colorable subgraph in a graph. More precisely, the following is true:
Corollary 1 Let G be a claw-free graph, that is, let G be a graph, which contains no induced subgraph that isomorphic to claw. Then G contains a spanning maximum 2-edgecolorable subgraph.
Proof. Let G 1 be any connected component of G. By the well-known results of Sumner, Jünger, Pulleyblank and Reinelt (see theorem 3.3.20 and the sentence after its proof in [ 10] ), G 1 contains a matching missing at most one vertex. Apply theorem 4. Note that the union of spanning maximum 2-edge-colorable subgraphs of connected components of a graph is a spanning maximum 2-edge-colorable subgraph of the original graph.
We would like also to mention the following corollary of theorem 4 and the well-known Petersen theorem (see, for example, theorem 3.4.1 of [ 10] ), whose statement was already mentioned in the proof of theorem 4.1 from [ 20] . We will come back to this corollary in the end of the paper.
Corollary 2 Let G be a bridgeless cubic graph. Then G contains a spanning maximum 2-edge-colorable subgraph.
We now turn to the problem of existence of spanning maximum k-edge-colorable subgraphs in arbitrary graphs for arbitrary values of k. In [ 15] the following result is proved:
Theorem 5 Let G be any graph, and let
Though this theorem in [ 15] is proved for the case k = ∆(G), let us note that it can be easily verified that its proof works for any k ≥ ∆(G). Observe that this implies that any maximum k-edge-colorable subgraph of G is spanning provided that k ≥ ∆(G) and G contains no isolated vertex.
Thus it is natural to concentrate our attention on the case k < ∆(G). The example of the claw shows that in general a graph G may not possess a spanning maximum k-edgecolorable subgraph for any k < ∆(G). Therefore we will restrict the class of graphs in order to be able to prove the existence of such subgraphs.
Our second result states the existence of a spanning maximum (∆(G)−1)-edge-colorable subgraph in graphs G with δ(G) ≥ 2.
Theorem 6 Let G be a graph with 2 ≤ δ(G) ≤ ∆(G) = r, where r ≥ 3. Then G contains a spanning maximum (r − 1)-edge-colorable subgraph.
Proof. Clearly, we can assume that G is a connected graph. Let S(G) denote the set of all maximum (r − 1)-edge-colorable subgraphs of G that cover maximum possible number of vertices. The proof of the theorem will be completed if we show that any member of S(G) covers all vertices of G.
Under the opposite assumption, we present some properties of subgraphs from S(G) that later will enable us to derive a contradiction.
Let G ′ be a member of S(G), and let u be a vertex of G missed by G ′ . Consider the vertices u 1 , ..., u k (2 ≤ k ≤ r) that are adjacent to u. Since G ′ is a maximum (r − 1)-edgecolorable subgraph of G, we have:
Let v i be any neighbour of the vertex u i (1 ≤ i ≤ k) that is different from u. Let us show that
′′ of G as follows:
Clearly G ′′ is a maximum (r −1)-edge-colorable subgraph of G. Moreover, G ′′ covers more vertices of G than G ′ does, which contradicts the choice of G ′ . Thus (c) must hold. Taking into account that r − 1 ≥ 2, the statement (c) implies:
(1) there is no edge in G that connects two vertices from {u 1 , ..., u k };
(2) any two vertices from {u 1 , ..., u k } have exactly one common neighbour, which is the vertex u.
The final property of G ′ that we will need is the following:
(3) no two vertices v and w lying on a distance two from the vertex u, are adjacent.
For the proof of this property, let us assume that v and w are adjacent. Moreover, let us also assume that v and w are adjacent to the vertices u i and u j , respectively. Note that it is possible that i = j. Let H 1 , ..., H r−1 be the color-classes of the subgraph G ′ , and suppose that the colorclasses are enumerated in the way, that (u i , v) ∈ H i . Since r > 2, (c) implies that there is l (1 ≤ l ≤ r − 1) such that w is not covered by H l . Again note that it is possible that i = l.
Let us do the following two steps:
Step 1: Remove the edge (u i , v) from H i , and add (u, u i ) to it;
Step 2: Add the edge (v, w) to H l . Note that after these steps H 1 , ..., H r−1 remain matchings, moreover, H 1 ∪ ... ∪ H r−1 now contains more edges than in the beginning, which contradicts the maximality of G ′ . Thus (3) must be true, too.
We are ready to derive the required contradiction. First of all, let us show that any subgraph from S(G) misses at most one vertex. On the opposite assumption, let us consider a mapping w : S(G) → N defined as follows: Note that the parameter is well-defined since by assumption any maximum (r − 1)-edgecolorable subgraph of G misses at least two vertices. Now choose G ′ ∈ S(G) minimizing w, and let u, v be two vertices of G that are not covered by G ′ and w(G ′ ) = ρ(u, v). Note that (b) implies that v / ∈ {u 1 , ..., u k } and w(G ′ ) = ρ(u, v) ≥ 3, where u 1 , ..., u k are the neighbours of the vertex u. Consider a path P u,v of G having length ρ(u, v) and connecting the vertices u and v. Let u j (1 ≤ j ≤ k) be the vertex of P u,v next to u, and let v j be the vertex next to u j . (b) imples that (u j , v j ) ∈ E(G ′ ). Consider a subgraph G ′′ of G defined as:
Clearly G ′′ is a maximum (r − 1)-edge-colorable subgraph of G. Moreover, (c) imples that v j is not covered in G ′′ , therefore G ′′ ∈ S(G). However,
which contradicts the choice of G ′ . This implies that any member of S(G) misses at most one vertex. Thus to complete the proof of the theorem, it remains to rule out the case when a member of S(G) misses exactly one vertex.
By induction on s ∈ N, let us show that the following properties are true for any G ′ ∈ S(G), where we assume that u is the only vertex of G missed by G ′ , u 2s } that is not placed on a distance 2s − 1 from u, is placed on distance 2s + 1 from u.
Before we proceed with the proof, let us make the following
Remark 2 In the the statements (A)-(E), we do not assume or prove that for each s ∈ N there exist vertices that are placed on a distance 2s − 1 or 2s from u. We simply claim that if they exist, then they must satisfy (A)-(E).
Assume that s = 1. Then (a) and (b) imply (A), (1) Thus initially, we can assume that i = j. Define:
Note that since r − 1 ≥ 2, H 1 , ..., H Finally, turning to the proof of (E), let us note that it suffices to show that no two vertices u Step 1: Remove the edge (u ) cannot belong to G ′ , this follows from (D), which we already know to be true for s). Thus (E) must be true, too.
We are ready to derive the contradiction that we were looking for. We achieve this by showing that our conditions and the already established properties imply that for any even number 2q (q ∈ N), G ′ ∈ S(G) and the vertex u missed by G ′ , there is a vertex of G such that the distance between this vertex and u is 2q, which clearly will contradict the finiteness of G.
We will prove this statement by induction on q. Let G ′ ∈ S(G) be fixed and let u be the vertex missed by G ′ . Since δ(G) ≥ 2, there is a vertex v adjacent to u. Let this edge be e = (u, v). Again, δ(G) ≥ 2 implies that v is incident to an edge f = e. Since u is not covered by G ′ , (A) implies that u is not incident to f . Let w be the other end-vertex of f . (B) implies that u and w are not adjacent, and hence ρ(u, w) = 2 which proves our statement for q = 1. Now, by induction assume that we have already proved that there is a vertex v such that ρ(u, v) = 2(q − 1). Since δ(G) ≥ 2, there is an edge e incident to v that does not lie on a path P that connects u and v and has length ρ(u, v) = 2(q − 1). (A) implies that the vertex preceding v on P cannot be incident to e. e cannot also be incident to other vertices of P since P is a shortest path connecting u and v. Let w be the other end-vertex of e. (C) and (E) imply that ρ(u, w) > 2(q − 1), thus ρ(u, w) = 2(q − 1) + 1. Since δ(G) ≥ 2, w is incident to an edge p = (w, z) = e. (A) imples that z = v. (A), (E) and ρ(u, w) = 2(q − 1) + 1 imply that ρ(u, z) > 2(q − 1) + 1. Thus ρ(u, z) = 2q and z is the vertex that we were looking for. The proof of the theorem 6 is completed.
Corollary 3 Let G be a graph, whose vertices are of degree two or three. Then G has a spanning maximum 2-edge-colorable subgraph.
Note that this corollary in its turn implies the already stated corollary 2, that we deduced from theorem 4. As we have mentioned the statement of this corollary first appeared in the proof of theorem 4.1 from [ 20] . However, an attentive reader probably has already realized that the proof given in [ 20] is wrong.
Retaining the notations of [ 20] , let us, first explain, what is wrong there. The gap is that when the author removes the edges e 1 and e 2 from a maximum 2-edge-colorable subgraph H and adds the edges (v, u 1 ) and (v, u 2 ) to it to get a new maximum 2-edgecolorable subgraph H ′ , he may leave the other ( = u 1 and = u 2 , respectively) end-vertices isolated, so after this operation one can not conclude that V (H ′ ) = V (H) ∪ {v} as it is done there.
In July of 2009, during a discussion with the first author over this issue, Eckhard Steffen has proposed a strategy for repairing the proof of this statement. Rather surprisingly, his approach was very similar to our proof of theorem 6, though for the sake of fairness, we should point out, that he was deriving the necessary contradiction not on the infiniteness of the counter-example like we did above.
We finish the paper with the following:
Conjecture 1 Any graph G with ∆(G) − δ(G) ≤ 1 has a spanning maximum 2-edgecolorable subgraph.
